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I LAPLACE TRANSFORM

A relation of the form F(s) = [”k(s,t)f(¢)dt which transforms a given function f(¢) into
another function F'(s), is called an integral transform. Here K(s,7) is called the kernal of the

transform and F (s) the transform of f(¢). The most common integral transforms are

i) a=0, b=o, K(s,;t)=e ", (Laplaces)

1
(i) a=—oo, b=oo, K(s,t)= e"!  (Fourier)

V2r

The idea behind any transform is that given problem can be solved more easily in the trans-
formed domain. Laplace transform reduces the problem of solving a differential equation to an

algebraic problem. It is widely used in problems where the

Definition 1.1
Let f(t) be a function defined for all t > 0. The Laplace transform of f(t) is defined as

LU0 = [ e 0dr = Fs), n

provided the integral exists. Here s is a parameter real or complex. The function f(t)
whose transform is F(s) is said to be the inverse transform of F(s) and is denoted by

L=V (s)]. Thus it Z[f(t)] = F(s), then f(t) = £~ \[F(s)].

I EXISTENCE OF LAPLACE TRANSFORM

A function f(¢) is said to be of exponential order or satisfies growth restriction if there exist

constants M and a such that | f(¢)| < Me for all positive 7.

Theorem 1.1 (Existence Theorem for Laplace Transforms)

If f(¢) is defined and piecewise continuous on every finite interval on the semi-axist > 0
and is of exponential order for all for all t > 0 and some constants M and a, then the

Laplace transform of f(t) exists for all s > a.

Proof. Since f(t) is piecewise continuous, e ¥ f(¢) is integrable over any finite interval on the
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t-axis. Also f(t) is of exponential order so that for s > a we get,
L@l =] [ e fr)de

0
< [ ol
= [ el
0

g/ e 'Me™ dt
0

k
=Mlim [ e g

k—o JO

B k

—(s—a)t

= Mlim | S ——
koo | —(s—a) o

v [ e—(s—a)k B 1
— M —(s—a) —(s—a)
M

s—da

Hence .Z[f(¢)] exists for s > a. |

P> Note that

[ ras=jim [ roax

provided, the limit on the right side exist.

I LINEARITY OF THE LAPLACE TRANSFORM

The Laplace transform is a linear operation. i.e. for any function f(¢) and g(¢) whose Laplace

transform exist and any constants a and b,
ZLlaf(t)+bg(t)] = aZ[f ()] + 0L [g(1)].
Proof. By definition,

ZLlaf(t)+bg(1)]

| e lar0 +bgo)a

= /Oooe”f(t)dt—I—b/Oooe !

= a2 [f(1)] +5Ls(1)). 0

AN . APLACE TRANSFORM OF SOME ELEMENTARY
FUNCTIONS
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P> Note that lim e ™ =0 and lim e™* = 0 for any a > 0.

X—roo X—>o0

() 2(1) = % s> 0.

Proof. By definition,

() ZL(e") = L, s> a.
s

Proof.

koo | —(s—a)

‘ _e—(s—a)k 1 ]
= lim +

. e (s—a)t ] k
=lim | ——
0

k—oo | —(s—a) s—a

(iii) Z(1") = — 5 where n is a positive integer.
s

1
Proof. We prove this formula by induction. For n =0, t" =t = 1 and .£(1) = ~. Thus
s

the result is true for n = 0. We now make the induction hypothesis that it holds for any
n!

e . o
positive integer n. i.e. £ (") = =g
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Now

2= e
0

:/ tn—i—le—st ds
0

k
= lim [ "tle %dr

k—o /O
_st 1k _
) e st k e st
= lim | "1 2— —/ (n41)t"——dt
k—>oo =5 o 0 —S

—sk k efst
= lim [k"“——O—/ (n+1)" dt]
0

k—>oo —S —S

1 o
- [O_O]+n+ / e " dt
s Jo

1
_ L oim
S
n+1 n!

s Sn—i—l

(n+1)!
G -

Thus the result is true for n+ 1. This proves formula (iii).

. . a
(IV) g[smat] = m, s>0
k

Proof. We have Z[sinat| = / e Vsinatdt = klim e *sinardt. We first evaluate
0 —J0

[e *'sinardt. LetI = [e™* sinat dt, then

_—Cosat _ ., —cosat
I=e Sf——/(—s)e st ZEON gy
a a

—e Mcosat s

=— "= —/e“cosatdt

a a
—e¥cosat s [ _,sinat _ Sinat
=————|e “——/(—s)e —
a a a a
- 2
—e cosar s _, . s st s
= ————— — —e Vsinar — —2/6 'sinat dt
a a a
—e cosat s _ . 52
= —— — e “sinat — I
a a a
s> —e Scosat s _, .
=1+ 5= ———— — —¢ “sinar
a a a
(s> +a*)I —e Scosat s _, .
= — —e Ysinat
a a a
= (s> +a*)] = —ae " cosat — se” ' sinat
=e ¥ (—acosat — ssinat)
—st
e .
=1 (—acosat — ssinat).

2442
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Hence,
k
ZLlsinat] = lim [ e ¥sinatdt
k—o0 JO
o5t k
= lim | 5——(—ssinat —acosat)
k—oo | 57+ a 0

ek 1
= lim {—(—ssinak—acosak) ——(O—a)}

koo | 82+ a? 52 +a?
a
=0+5—>5
s“+a
a
=5—>,5>0. [ |
s“+a
P> We can see that for s > 0,
» lime *sinax=0
xX—$o0
» lime *cosax=0
X—$o0
Proof. We have
e sinax 1 Csx
e s1nax‘: <|—|=¢e"".
eSX eS.X

Since e — 0 as x — oo, we see that lim e **sinax = 0.
X—>00

Similarly lim e™**cosax = 0, since |cosax| < 1. [ |
X—ro0

(v) Z(cosat) = s> 0.

s2+a2’

k

Proof. Z[cosat]| = klim e *cosatdt. As in the previous problem, we can see that
—00.J0)

—st _ 3*57 . . .
[e *cosatdt = 272 (—scosat +asinat). Using it,
ZLlcosat] = / e ' cosatdt
0

et k
= lim | 5——>(—scosat +asinat)
s“+a 0

[ ek : 1
= lim {—(—scosak%—asmak) — S2+a2(—s+0)

(vi) Z[sinhat] = ERpE
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at —at

—¢€

Proof. We have sinhat = >

X

(vii) Z[coshat] = s> |a|

N
2_ 2’

Proof.

at —at
Z[coshat] =L {%]

= N2 + L)

e

2

1

2

1 s+a+s—
]
1

2"

2s
s2—a

2

2

Problem 2.1

_ e, 0<r<1
Find the Laplace transform of f(¢) =

0 whent > 1
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Solution. We have

2@y = [ e rna
— / Lo prydr + / Te () dr
0 1

1 o
_ / e Slel df + / e 10 ds
0 1

— [ty
0

1
e—(s—1)t ] 1

N {—(S — 1o
e (1) 1

—(s—1) —(s—1)

el—s 1

Problem 2.2

) cost, 0<t<2m
Find the Laplace transform of f(¢) =

0, t>2m

Solution. We have

2wy = | et f () dr
27[ %)
- / e F(r)dr + / e £(1)dr
0 27

27 oo
= / e Stcostdt+ [ e %0.dr
0 21

{ e—st
= —scost +sint)
5241 ( }

e—s27c 1
REET U L
N

=(1—e 27— O
( € )s2+1

Problem 2.3

Find the Laplace transform of the following functions.

21

0

(i) sin3rcos2r (iii) cos>2t (v) sin3¢sin2t

(i) sin?3¢ (v) sinh2r (vi) e ¥ — 612 +4sin2s
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Solution. 1. We have
1
Z[sin3tcos2t] = E{f(sinSt) + L (sint)}
1 5 n 1
282425 s2+1

3(s>+5)
(s24+1)(s2+2s)

2. we have
1 —cos 6t}

1
> :5{3(1)—$(cos6t)}

Z(sin’3t) = L[

11 s B 18
C20s s2436)  s(s2+36)

1 3
3. we have cos3A = 4cos> A —3cosA or cos’A = 1 cos3A + 1 COSA

1 3
cos> 2t = 1 cos 6t + 1 cos 2t

1 3
ZL(cos>2t) = Z.i”(cos or) + Zﬂ(cos 2t)
— 1 X s _|_§ X S
47 2436 47 244
s(s2 +28)
(s2+4)(s2+36)

4. we have sinh3A = 3sinhA +4sinh> A.
i.e. sinh’A = lsinh 3A — ésinhA
4 4
1 3
i.e. sinh32¢ = ~ sinh6f — = sinh 2t
4 4
1 3
ZLIsinh®27] = ;Zsinh6r] — 2 L[sinh 27]
1I[ 6 3[ 2
4(s2-36| 4|s2—4
_3 945436
27 (s2-36)(s2 —4)

48
(s2—4)(s2—36)°

1
5. We have sinAsinB = 5 [cos(A — B) —cos(A + B)]
1
i.e. sin3¢sin2f = 3 [cost — cos 5]

Z[sin3tsin2t] = %[f(cost) — ZL|(cos5t)]
1

. S S
_E[s2+1 _s2+25]
12s

(s24+1)(s2+25)
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6. We have

Zle ¥ — 67 4sin2r] = L(e ) ~6.2(%) +4.L (sin2)

1 2! 2
- 6x 44
s—(—4) o hax 5244
1 12 8

LT R 0
P R

Problem 2.4

Find the Laplace transforms of
1. 3e> 4 (t+2)>+2cos3t

2. sin(at + D)

Solution. 1. L3> + (t +2)?> +2cos3t] = 3L () + Z|(t +2)?] +2.L]cos 3t] (1)
But ﬁ[eSI]:L
s—5
L(t+2)Y) = L[+ 444 = L) +420)+.2(4)
2! 1! 1 2 4 4
SethattiTataty

s

d < 3t) = ——
an [cos 3r) 759
Substituting in (1)

L2 44 s
352 s 249

Z[3e> + (1 +2)> +2cos3t] = —

2. sin(at +b) = sinat cosb + cosat sinb

ZLsin(at +b)| = cosbZ[sinat] + sinb.£ (cosar)

a . K
=cosb X ﬁ-i-Slnb X Y]
s“+a s“+a
acosb+ ssinb
s2 +a?

I EXERCISE

Find the Laplace transform of the following.
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t/k, 0<t<k
(1 f@)= /
1, t>k
sint, 0<t<m
2 f@t)=
0, t>nm

(3) cost-cos2t

(4) sin2tcos 3t

(5) 5e3 +3t3 —2sin3t + 3cos 3t
(6) sin’2¢

(7) cos(at +D)

(8) cosh?2¢

(9) cos?3t+ (1> +1)?

I ANSWERS

1—e l+e™ ™ s(s>+5)
D e @ o ) (s241)(s>+9)
@ 2(s*> —5) 5) 5 18 3(s—2)

(s2—|—1)4(§2—|—25) s—3b 4 bs2+9

SCOSOL —asin

© (s2+4)(s%+36) ) Y
® s(s* —28) © s2+18 24 4 1

(s> —4)(s2—36) s(2136) 5 9%

Theorem 2.1 (First shifting theorem, s-Shifting)

If f(t) has the transform F(s) (where s > k for some k), then e f(t) has the transform

F(s—a) (where s — a > k). In formulas,

L f(1)] =

or, if we take the inverse on both sides,

e f(t) = L

F(s—a)

'[F(s—a)]

Jeeja A. V.
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Proof. We have

F(s) = 2170 = [ e o) n

P> Note that Z[e“ f(t)] = F(s+a).

Problem 2.5

Find the Laplace transform of the following:
(i) e ¥
(i) e % cos®t
(iii) sinhat - sinat
(iv) e % |[cosdt + 3sindt]
(v) €' cosh3t
(vi) S5e*sinh2t

(vii) (1+1)%!

316
Solution. (i) We have Z[t’] = = = — - By shifting property, we get
S

o4
6
L) = (g Replacing sby s+3)
(il) We have cos®t = #

1 11 s
29 _ _
Z|cos t]—§$[1+0052t]—E[E—FSZ_HJ.

By shifting property,

If 1 . s+2
2|s+2  (s+2)2+4

ZLle ¥ cos’t] = } (Replacing s by s +2)
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14

at __ ,—at

(i11) We have sinhar = — so that

edl _ o—at
sinhat - sinat = <T> sinat

1 ) —at -
= E[e‘” sinat — e~ “ sinat]

1
Zlsinhat sinat] = 3 {f[e‘” sinat| — £[e”“sinat]} (1)
But Z[sinat] = ﬂ%. By shifting property, .’ [e? sinat] = Gt d and Z[e ¥ sinat] =
a
(s+a)?+a*

Substituting in (1),

1 a a
2|(s—a)?>+a*> (s+a)?+a?

Z[sinhat sinat| =

(iv) We have Z[cos4t + 3sindt] = sz—i T +3x 2516

12+
S s216
By shifting property,

_ : 124 (s+2) s+ 14
Ze (cos4t +3sindt)] = 1275116 45120

3t —3t 4t —2t
(v) we have e’ cosh3t =¢' eere Ty _e te”
2 2
1
L€ coshat| = E[.iﬂ(e‘”) + Z(e™)]
L[
27 |s—4 542
- s—2
s2-2s—8
2% 2t
5
(vi) 5% sinh2¢ = 5e* {e 2e } = E[e‘” 1]

or

We have .Z[5sinh2s] =5 X =

Jeeja 4. V. Jeejamath@gmail.com
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By shifting property,
10 10
Z[e*5sinh2t] = =
&S sinh 2] = e T Y444
10
s(s—4)

(i) L[(t+1)H] =L +2+1)= L) +2.L01) +-£2(1)

2! 1 1 242s+s%
=5 +2X5+-=—F—
s2+ s2+s 53

2+2(s—1 —1)?
By shifting property, L (t+1)] = 2 ( )ii)—g(s )
S_

s+ 1
(s—1)%

Problem 2.6

If Z[f(t)] = F(s), then show that Z[f(at)] = 1F(E)

a a

Proof.

oo

.,E,”[f(at)]:/o e f(at)dt putat=u adt=du

_ [Tesula, gy 94
= [ e pw)- S

_ éF(s/a). 0

KBl TRANSFORMS OF DERIVATIVES AND INTE-
GRALS

The Laplace transform is a method of solving ODEs and initial value problems. The cru-
cial idea is that operations of calculus on functions are replaced by operations of algebra on
transforms. Roughly, differentiation of f(¢) will correspond to multiplication of .Z(f) by s
and integration of f(¢) to division of Z(f) by s. To solve ODEs, we must first consider the
Laplace transform of derivatives. You have encountered such an idea in your study of loga-
rithms. Under the application of the natural logarithm, a product of numbers becomes a sum of

their logarithms, a division of numbers becomes their difference of logarithms.
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Theorem 3.1

If Z[f(t)] = F(s), then the transforms of the first and second derivatives of f(t) satisfy

ZIf ()] = sF(s) = £(0)
ZIf"(1)] = s*F(s) —s£(0) — £'(0).

The first equation holds if f(t) is continuous for all t > 0 and satisfies the growth re-
striction and f'(t) is piecewise continuous on every finite interval on the semi-axist > 0.
Similarly, second equation holds if f and f’ are continuous for all t > 0 and satisfy the

growth restriction and f” is piecewise continuous on every finite interval on the semi-axis

t>0.

Proof. By definition,

Integrating by parts

2I0) = fim [ 7))~ [ e (=00

k—ro0

= lim [0 —£0)] = [ e (=) f(0)a
=0— f(0)+s /0 e f(r)dr
=—f(0)+s-ZL[f()].

Thus

ZIf'(1)] = sZ[f (1)] - f(0).
Now using the formula for .Z[f’(1)], we get
ZIf"(0)] = =f(0) +sZ[f'(1)]
=—f"(0)+s[—f(0)+s-Z[f(1)]]
— —f1(0) = s£(0) + > Z[f(1)).

Hence

LIf"(0)] = 5*F(s) = £ (0) = £(0). L
P> By applying the above result to higher order derivatives we get,

L") =L[f]—s*f(0) —sf'(0)— "(0)
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and so on. In general,

Theorem 3.2

Let f,f,....f (»=1) be continuous for all t > 0 and satisty the growth restriction. Fur-
thermore, let f be piecewise continuous on every finite interval on the semi-axis t > 0.

Then the transform of f () satisfies

g[f(n)] _ Sng[f] i Snflf(o) . Snizf/(()) e — sf(an) (0) _f(nfl)(()). (2)

I TRANSFORMS OF INTEGRALS

Theorem 3.3

Let F (s) denote the transform of a function f(t) which is piecewise continuous fort > 0

and satisfies a growth restriction. Then, fors > 0,s > k, andt > 0,

.Z{/Otf(u)du}:@, /Otf(u)duzg—l{@} 3)

S

Proof. By definition,

L{/Otf(u)du} _ /Owe—sf (/Otf(u)du) dr
_ /0 w{ /O ’ f(u)du}e_“dt
:kh_rfo Ok{/otf(u)du}e“dt
- ([ o) 2L [ 0
= lim K/Okf(u)du) e:k — ( Oof(u)du> _is —/Okf(t)e__:dt}

) e R

)

€

dr

)
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Solution. Let

1
F(s) 52 +w?
Then
F(s) B 1
os(s24+w?)

[s(sz—li—w2 }
— 7 {F s] /.z 1P (s)
- [ 5
/ 1nwt <—coswt>0

1 —coswt
= coswt — 1 - [ |
2[ wi —1] = )

Problem 3.2

Find

Solution. Let

1
Fs) §2 +w?
Then
1 sin wt
L7 UFs)=27"!
E) =2 () =
Now
1 F 4
3_1[ 2 2_} = 7! {—(s)] :/,Z‘l
s(s% +w?) s 0
/f sinwt 1 <—coswt>t
= dr = —
0o w w w 0
—1 1 —coswt
= —(coswt—1)= ———=
" (coswt —1) 2
1 G(s) 1
Let G(s) = , = .
et Gls) s(s2+w?) T 52(s2 +w?)

R [W;z] = 7! [@]:/Ot.zl[a(s)]dt

/f l—coswt 1 [ sinwt]’
w2 wo o

1 sin wt
g —2 —
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I EXERCISE

Find the inverse transform of the following

. 1 . 1 e 9 [ s+1
> 52 +4s W) 53— (i) 52 <s2 + 9)
, 1 5?43 _ 1
) s(s2+1) ) s(s2+9) ) s(s+a)
L P42 1 . 1
(Vll) m (Vlll) m (IX) m
Answers
1
i (1—e™*) (i)  cosht—1
1
(1) 1+47—cos3t— 3 sin 3¢ @iv) 1 —cost
1 1 _ ~—at
V) =[1+2cos3] (vi) ©
3 a
(vii) cos’t (viii) t—1+e”"

1
i —|cosh4t — 1
(ix) 16[cos t—1]

I DIFFERENTIAL EQUATIONS, INITIAL VALUE PROBLEMS

Let us now discuss how the Laplace transform method solves ODEs and initial value problems.

We consider an initial value problem

y'+ay +by=r(t), y(0)=Ko)(0)=K 4)

where a and b are constants. Here r(¢) is the given input (driving force) applied to the mechani-
cal or electrical system and y(t) is the output (response to the input) to be obtained. In Laplace’s

method we do three steps:

Step 1: Apply Laplace Transform to (4) and obtain
[s2Y — 5y(0) —y'(0)] + a[sY — y(0)] + bY = R(s)
where Y = Z(y),R(s) = £ (r). From this we get the subsidiary equation

(s +as+b)Y = (s+a)y(0)+y (0)+R(s).

Jeeja 4. V. Jeejamath@gmail.com



20

Step 2: Using completing square method, rewrite

2 2
s> +as+b= <s+g> + (b—a—)

and so we get

Step 3: Reduce RHS of the previous equation (usually by partial fractions as in calculus) to a

sum of terms whose inverses can be found, so that we obtain the solution y(t) = .2~ 1(Y).

The method will be clear from the following examples.
Problem 3.3

2

d d
Using Laplace transforms, find the solution of the initial value problem = + g

Sy —
dr? dt+y

e 'sint, given y(0) =0, y'(0) = 1.

Solution. Given equation is y” +2y’ + 5y = e ' sint. Taking Laplace transforms of both sides,
LONH2L(G)+5L(y) = ZL(e " sint). (1)

But.Z(y') = .2 (y) = y(0) and .Z(y") = s>.Z(y) — s9(0) — ¥/ (0).
Since y(0) =0and y/(0) = 1, () = s.Z(y) and Z(y") = s> Z(y) — 1.

1
Also Z(sint) =
s0 .Z(sint) ]
1
So .ZL[e 'sint] = CESIE] (by shifting theorem)
B 1
o s24 2542

Substituting the above values in (1) we get

1

§24+25+2
o, 1
ie (s°+25+5)Z(y) = M—SH+1
14+524+25+2
§2 425 +2
s> +25+3
§24+25+2
(s 42s+3)
(2425 +2)(s2+2s+5)

[*Z(y) = 1] +2[sL ()] +5L(y) =

Jeeja 4. V. Jeejamath@gmail.com
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On resolving the RHS into partial fractions, we get

13 2/3

C 242542 242545

B 1/3 2/3

N (s+1)2—1+fL (s+1)2—1+5
1/3 2/3

s—|—1)2—|—1+(s—|—1)2—|—4

1 2 1
e D Tl e
3 {(s+1)2+1}+3 {(s+1)2+22}
—e! sint+%><e’tSin2t
3 3 2
3

Z(y)

y=

(
1
1
1

[e”"sint + e " sin2t]. [

Problem 3.4

Using Laplace transforms, solve y” + 3y’ + 2y = 8 cos 2t, given that y(0) = —1, y/(0) = 2.

Solution. Given equation is ¥’ + 3y’ + 2y = 8 cos2t. Taking Laplace transforms of both sides

LN +3LG)+2L(y) = 8L (cos2t)

[22(y) — 53(0) =y (0)] +3[s-L(y) = y(0)] +2.Z(y) = 8-~

5244

8s
2 —_— pu—
(s°ZL(y)+s—24+3sLy) +3+2Z(y) 2

~y(0)=—1,y(0)=2

s
L) [s?+3s54+2] = —s—1
(y)[s=+3s+2] I s
. 8s—s3 —ds— s> —4
ie. Z(y)(s*+3s+2) = R
3 2
-5 —s“+4s5—4
i.e. Z(y) = 1
e Z0) = i 13572) 1
Let
—s3— s +4s—4 —53 4+ —s%4s—4

(s24+4)(s2+35+2)  ($2+D)(s+1)(s+2)
_As—I-B+ C n D
o244 541 s+2

Multiplying both sides by (s +4)(s+1)(s +2), we get

—5 =2 +4s—4=(As+B)(s+ 1)(s+2)+C(s* +4)(s+2) + D(s* + 4) (s +1).
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Puts=—1,
1-1-4—-4 c(1+4)(—1+2)
-8 Sc
=c —8/5
Puts = -2,
+8—-4-8—-4 D(4+4)(—2+1)
-8 —8D
=D 1
Equating the coefficients of s>,
8 -2
Equating the constant terms,
—4=2B+8C+4D
4 24
:>2B:—4—8C—4D:—4+6?—4:?
:>B—12
5
-2 12
)= 55 85
VT a1 s+1  s+2
=2 s +12 1 8 1 1
5 244 58244 Ss4+1 0 s+2

2 s N\ 12,
Ly=o5Y (s2+4)+5$(

12sin2t 8 _
5 2 5°

2
= —— 2t
5 COSs 2t +

Problem 3.5

1 8 [ 1 L1
s2+4>_5$ (s+1)+‘$ (s+2>

Ly o2, [}

Using Laplace transform method solve

Y(0) =5.

d d
SR A 6y = 6te”’, given that y(0) = 2,

dr

Solution. Given equation is y” + 2y’ + 6y = 6te". Taking Laplace transform of both sides,

LN 2LG)+6L(y) =6.L(e7't)

[s*Z(y) — sy(0) — ¥ (0)] +2[sZ(y) — y(0)] + 6.Z (y) = 6

2L () —25—5+25.2(y) —4+6ZL(y) =

(s+1)2
6
(s+1)

Jeeja A. V.
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6
2
254+6)L(y) =——5+25+9
(5" +25+6)Z(y) Grig TSt
257 +135% + 205+ 15
B (s+1)2
25° + 135> + 205+ 15
Ly = 573
(s+1)*(s>+25+06)
25 +13s2+20s+15 A B Cs+D

Let
1)2(s* + 25 +6), we get

(s+1)2(s2+25+6)  s+1 * (s+1)2 * s2+25+6

6]

Multiplying both sides by (s +

25 + 1352+ 205+ 15 =A(s+ 1) (s + 25+ 6) + B(s* + 25+ 6) + (cs+ D) (s + 1)°.

Puts=—1,

—2+13-20+15 = B(1—-2+6)

6 = 5B=B=6/5

Equating the coefficients of s>

2=A+C (2)
Equating the coefficients of s°
13=3A+B+2C+D 3)
Equating the coefficients of s,
20=8A+2B+C+2D 4)
Equating the coefficients terms
15=6A+6B+D 5)
Solving (2), (3) and (4), (5) we get
A=0, C=2, D=39/5
253 + 1352 4+20s + 15 6/5 25+39/5
Theref =
eretore (s+1)%(s2+25+6) (s+1)2+s2—|—2s+6
6/5 2(s+1)—2+4+39/5
(s+1)2 (s+1)245
. 6/5 (s+1) 29/5
o (sHD2 0 T (sH1)245 0 (s+1)245
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Substituting in (1),
6 1 s+1 29 1

6 ./ 1 [ s+l 29 1
=2 2 L R B N
ory=3< ((s+1)2>+ < ((s+1)2+5>+ 57 ((s+1)2+5>

6 29 in+/5t
= gte*t +2e " cos V51 + 5 X e ! Slri/\g_
e’ 29 .
= — ( 61+ 10cos V5t + —=sin /51 | . [
5 V5
Problem 3.6
. : . ) dzy dy )
Solve the differntial equation by using Laplace transform Froi 35 + 2y = 4, given

¥(0) =2,y'(0) =3.

Solution. Given equation is y” — 3y’ 4+ 2y = 4. Taking Laplace transforms of both sides,

20" =320)+2Z() = Z4)
{2 2(y) —s9(0) =y (0)} = 3[s2(y) —¥(0)] +2L(y) = 4.2(1)
RL()—25-3-35L () +64+22() =

252 —35+4
R)

257 —3s+4 2% —35+4
) =372 " s6-D6-2) )

2s2-3s4+4 A B C
Let ————— =— —— F ——
es(s—l)(s—2) s+s—1+s—2

2.02-3.0+4 4
here A=—"—— """ "= _~=2
WA= 0" D0 -2) 2
2.12-3.1
B:—H:

1(1-2)
222-3x2+4 8-6+4

22—-1) 2x1
252 —3s+4 2 -3 3

s(s—1)(s—2) :§+s—1+s—2

z(y)[s2—3s+2]:§+2s—3:

-3

C =

Substituting in (1)

2= 42

s s—1 s—2

sy=22""1 (1> —377! (L) +3.27! ( ! )
Ky s—1 s—2

=2 -3¢ + 3%, [
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I EXERCISE

Solve the following differential equations by using Laplace transform.
(1) ' =3y +2y =4t +e¥ wheny(0) = 1, y'(0) = —1

(2) X" —2x +x=¢', where x(0) =2, X' (0) = —1

d>y dy . .
3) —+4d +3y=e",9(0)=y'(0)=1

4) y"+2y' —3y =sint, given y(0) =y (0) =0

d3y d2 dy dy d?
y y
(5) dt3 dtz 2d——2y OWheny—l d _23.(1@_2311':0
6) y'+2y +y=te " ify(0) =1,y'(0) = -2

dy _d%y dy
(7) —+2@—a—2y:0,ify(0):y/(O)zoandy”(O):ﬁ

8) y'+2y+y=e"ify(0)=0andy'(0) =1

9) y" —y =2cost, y(0) =3,y (0) =2 and y"(0) = 1

d? 12
y+9y—c052t ¥(0) = Landy/(0) = =

(11) 2y"+ 5 +2y=e"2,y(0) =y (0) =1

(10)

(12) y"+2y' +2y=5sint, y(0) =y'(0) =0

I ANSWERS

1
(1) y:3+2t+§(e

1
(2) x=2¢ —3te + zﬂet

1
(3) y=~(Te' =3¢ —2te™")

2

1 1 1
@) y= g.e’ — Ee =3t _ E(Zsmt—kcost)
1

5
O y= ge’ —e '+ ge_Z’

6) y=e(1—-1+13/6)

(7) y=¢€"—3e +2e >
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—t

®) y="5(+2)

(9) y=2+2¢ —e ' —sint

1 4 4
(10) y= —cos2t+—c0s3t+§sin3t

5 5

20 11 1
11 _ = —t/2__ —21‘__ -2t
(11) vy 9e 9e 3te

(12) y=2e 'cost+e "sint —2cost + sint

UNIT STEP FUNCTION (HEAVISIDE FUNCTION)

u(t—a)
A

1__

N 4

0 a

unit step function u(t—a)

The unit step function u(t — a) is defined as follows:

0O when f<a
u(t—a)= ) a>0.
1 when t>a

The unit step function is also called the Heaviside function.

Laplace transform of unit step function

Proof.

t
By definition, Lu(t—a)] = / e u(t —a)dt
0

a )
_ / e510dt + / e 1dt
0 a
k

=0+ lim [ e %ds

k—yo0 a

oSt k
= lim ( )
k—yoo =S Ja
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Problem 4.1

Express the following function in terms of unit step function and find its Laplace trans-

form
8, t<3

fo) =
5, t>3

Solution.
8+0, r<3
8—3, t>3

0, t<3
-3, t>3

—8+

0, t<3
=8+ (-3)
1, t>3

=8 —3u(t—3)
L Zf(0)] =L (8 —3u(t—3)]
=8.2(1)—3L(u(t —3))

:§_3‘e—3s
S S

Theorem 4.1 (Second shifting theorem; ¢ shifting)

If f(r) has the Laplace transform F(s), then the shifted function

~ 0 if r<a
&) =f(t—a)u(t —a) = has the transform e~ “F (s).
f(t—a) if t>a

Proof.
ZIf0)] = LIft—a)u(t—a)
= /Oe“f(t—a)-u(t—a)dt
= /O:—S’(')dwr/a e f(t—a)dt
= /e_”f(t—a)dt
0
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Putt—a—=u,sothatdf =du. Whent=a,u=0andt — oo = u — .

oo

- LU0 = / ¢=5) £(10)du

0

=e @ /Ow e f(u)du

=e “F(s). |

P Since Z[f(t —a)u(t —a)] = e “F(s), L e “F(s)] = f(t —a)u(t —a).

P> Any piecewise continuous function

(

fo(r) if O0<t<n

file) if n<t<n

foo1(t) if o <t<ty,

fa(t) if 1, <t <o

\

defined on 0 < ¢ < oo can be given by the single expression

f(@) = fo@)[u(t = 0) —u(t — )]+ fi()[ult —11) —u(t —02)] + -+
a1 ([t = ta1) = u(t = 1)) + fo (1) ut = 1)

P> Effects of the unit step function

0 if r<a,
u(t—a)=

1 if t>a.

0 if t<a,

f(O)ult—a) = ,
f(r) if t>a.
and
0 if r<a,

£t~ ault —a) = |
flt—a) if t>a.

Problem 4.2
Express the following function in terms of unit step function and hence find its Laplace

transform
2 if O<t<nm

f(t) = 0 if m<t<2n

sint if ¢ >2m7.
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Solution. The given function f(¢) can be expressed as

f@&)=2[u(t —0) —u(t — )] +O[u(t — w) — u(t — 27m)] + sint - u(t — 27)
=2u(t) —2u(t — &) +sint - u(t — 27)

=2u(t) —2u(t — &) +sin(t — 27) - u(t — 27)
2 e~ TS 672763

s s 241

Problem 4.3

Express the following function in terms of unit step function

S Z(f(0)) u

2412 if 0<r<2
f@t)= 6 if 2<r<3

if > 3.
n_s 1~

Solution. The given function f(z) can be expressed as

2
2t -5

= Q2+ u(t)+ (4 —12) u(t—2)+ (3;__152’) cu(t—3). ]

() = 2412 [u(t —0) —u(t —2)] +6[u(t —2) —u(r — 3)] +

u(t—3)

Problem 4.4

Solution. We have ¥ ! (Slz) =1, L1 (1) =1land ! (
L (s)] = £l —a)-ult —a)
where f(t) = £~ 1(F(s)). This shows that,

L e CF(s)] = ft —a)-u(t—2),

2! [e—’lsl =1-u(t—2),
S
7 {e—msz i | = cos(t—myu(t —m)
7 [e—%slz = (t—2)u(t—2).
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Thus

— 207! (12) 27! (e_;s) 4! {e_zs> +.7! [sf_m]
S s s se+1
=2t —2(t—2)u(t —2) —4u(t —2) +cos(t — m)u(t — )
=2t —2tu(t —2) —costu(t — 1)
2t if 0<t<2
= 0, if 2<t<nm L

—cost if t>m

Problem 4.5

Find the inverse Laplace transform of the following:

e—TCS

@ P

se 324 s
52+ 72

(i) 3 4eF o 4e=3s
i) = — —— 4+ ——
s 52 52

(ii)

1
s2+1

Solution. (i) We have .Z ! (
where f(t) = £ '[F(s)],

) =sint. Since L '[e ¥F(s)] = f(t — a)u(t — a)

7! {e-m ! } = sin(t—7)-u(t — )

s2+1
= —sint-u(t—m)
1
7§s+ - 1s
... Se Te -3 s . T
0 —prm =< prmte Ty )
/1
Now 2| =2 | —cosmrand £~ | = | =sinnr.
52 4 m? 52+ m?
By second shifting property,
! 1 1
-1 -3 N .
A e 2 s2—|——77,'2 = COS7‘C<Z'—§>M<I—§>

= t- {— =
SIn’ u( 2)

and .1 [63-%} = sinm(r—u(t—1)
s

= —sinmr-u(t—1).
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1
——s
se 2 +me®

By (1), !
y M o

1
=sinmr - u (t—§> —sinms-u(t—1)

= sinmt {u <t— %) —u(t— 1)]

1 1

3
(iil) Let F(s) = E 40— +4e—3ss—2. (1)

S
vow 2 [ 120 (1) o
S A

By second shifting properties,
1
7 {es—} = (t—1u(t—1) and
1
7 {e“—} = (t—3)u(r—3).

By (1), Z7'[F(s)] =3 —4(t — Du(t — 1) +4(t — 3)u(t — 3). |

S UNIT IMPULSE FUNCTION

The unit impulse function is considered as the limiting form of the function of

1/k if <t<a+k
51—y /KT asisa )

0 otherwise.

Area of shaded
region = | unit
1/k
0 a a+k >t

This function is represented in the figure. In mechanics, the impuse of a force f(z) over a
time interval, a <t < a+k is defined to be the integral of f(¢) from a to a+ k. Thus the impulse

I, of the function (1) is
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The limit of & (f —a) as k — 0 (k > 0) is denoted by 6(r —a) and it is called the unit impuse

function or Dirac delta function. Thus the unit impulse function 8 (¢ — a) is defined as follows.

o if t=a ©
S5(t—a) = and /6(r—a)dt:1.
0 if 14a 0

By the definition, the Laplace transform of §(¢ — a) can be obtained as

LI5(t—a)] = /Oooe_“B(t—a)dt

=lim [ e ¥&(t—a)dt

k—0.J0
a-+k 1
= lim e ST _dt
k—0Jq4 k

. e—as(l o e—ks) R e—sk
= llm = llm
k—0 ks s k=0 k

(by L’Hospitals rule)

When a =0, Z[5(t)] =e® = 1.

PERIODIC FUNCTIONS

If f(¢) is a periodic function with period 7', then

1 T
L) = / e~ (1)t fors > 0. ©)

1—esT )y

Proof. By definition,
LU= [ e s

. /O " pde+ /T T e () dr + /2 iTe—“ FO)di+-- .

Substituting = u+ T in second integral and # = u 4 27 in third integral and so on.

L) = / 5P )dr + / ST £y T)du + / S 27) £y 42T du 4 -
:/ e_s”f(u)du+e_ST/ e_s”f(u)du+e_2ST/ e fu)du+---
0 0 0

T
:(l_|_esT_|_62sT_i___.)/ e*S”f(u)du
0

1 T _, ) 1
= l—eST/o e f(r)de (','l—l—x—I—x +-= l—x)' |
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Problem 6.1

Find the Laplace transform of the saw-toothed wave function of period 7', defined by

kt
jﬁ):iﬁo<t<T.

Solution. We have

k :T A |
¢ — (e — 1)} : |

Problem 6.2

Find the Laplace transform of the triangular wave function of period 2a given by

t, 0<t<a

2a—t, a<t<2a

Solution.

1 “ —st 2a —st
:m /Oe ldt+ , e (2a—t)dt

{5 ()] [ S ()]
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Problem 6.3

Find the Laplace transform of the Half-wave rectifier function

sinwt  for 0<t<m/w
ft) =

2
0 for 71'/w<t<—7[
w

2n
Solution. f(t) is a periodic function with period T = —.
w

Let 2/ =y —ip [ ¢ r0)

1 T/w 27 /w
= — {/ e sinwrdr + e‘“odt}
) 0

_s(2_7l' m/w
l—e W
1 et ' m/w
= 5 { 53— (—ssinwt —wcoswt)]
_s(_ﬂ §c+w 0
l—e w
1 e STV @ w
l—e w
A CONVOLUTION
The convolution of f and g is denoted by f * g and is defined as
frg= / Flu)g(t —u)d ()

Also fxg=gxf.

Theorem 7.1 (Convolution Theorem)

If two functions f and g satisty the assumption in the existence theorem, so that their

transforms F and G exist, the product H = F G is the transform of h = f x g. From this

2 FEGW) = Frg= [ gt —u)d
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Problem 7.1

Apply convolution theorem to evaluate the inverse Laplace transform of the following:

S

O ey

§2

FrAE )
1

(ii)

(111)

. 52
© Grrap

1
s(s2 —a?)

)

. s 1 s
Solution. (1) Let 1) T i X Zial f1(s)f2(s) where fi(s) = 2+ a2 and
1
P =ara
Now
f@6)=2""fi(s)]

=g { > } = cosat

o S2+a2 -
and

g(1) =27 [fa(s)]

1
A ——
[s2+a2]
_sinat
=—

By convolution theorem,
1 [m] = 2 () ()]
= [ =gt
_ /Ot cosalt — ) S

1 t
=5 /0 [sinat + sin(2au — at)|du

du

1 1 !
= — i — 2 -
7 {u sinat % cos(2au — at) .

|
= —tsinat.
2a

Jeeja A. V. Jeejamath@gmail.com



(2) Let fi(s) =

36

S
T () = 3

L s?
Z {(s2 +a?)(s>+ bz)}
=27 fi(s) f2(s)]
= /0 t f(t —u)g(u)du, by convolution theorem
= /Ot cosa(t —u)cosbudu
= %/Ot[cos(at — (a—Db)u)+cos(at — (a+b)u)|du

_ % [sin(at— (a—b)u) sinar — (a+b)u)10

—(a—>) —(a+Db)
_ 1 [sinbt —sinar  (sinat +sinbr)
2 a—b a+b
__asinat —bsinbt
- a2 — b2
1 1
(3) Let fi(s) = e and f>(s) = 2ra
Then
f@0)=27"A(s)]
52 +a?
__sinat
a
g(t) =27 "[fa(s)]
_ 1|
(s2+a?)
__sinat
a
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By convolution theorem, we have
-1 1 o1
27| =2 0]

= [ 7~ wgu)aa
0

sinalt — .
:/ sina(f —u) sinau |

a a

1 t

az sin(at — au) - sinaudu

/ cos(at —2au) — cos(at)|du

sm (at — 2au !
—ucosat

u=0
B y 2sinat fcosat
N 2a2 2a “
I .
= ﬁ[smat—at cosat|
(4) Let fi(s) = ——— and fa(s) = ——
S) = S) = .
! s2+4 2 5244
Then f(l) = g_l[fl (S)] = g_l [m} = cos 2t
s

and g(t) = L[ f>(s)] = cos 2t

By convolution theorem, we have

S2
2 2] =2 16 20

t
= / cos(2t — 2u) - cos 2udu
0

1 t
=3 / [cos 2t + cos (2t — 4u)|du
0

1 in(2r —4u) |
= —<Jucos2t—+ M

1 ; 2%+ sin 2¢
= —<tcCos
2 2

1

1
(5) Let fi(s) = 3 and f>(s) = T

Then f(t) = 2 '[fi(s)] = £~ G) = 1and

sinhat

o) =2 ) =2 [ -

a
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By convolution theorem, we have
_ 1 _
o [m] = Zfi(5), Fa5)
= [ #=u)-gwau

_ /’.1 _ sinhaudu _ 1 (coshau)t
0 a a a 0

1
= —(coshat —1)
a

I EXERCISE

(1) Apply convolution theorem to find the inverse Laplace transform of

' 1 . 1 3
O P Y A W T W) 2@ T9)
2
(iv) > (V) . (vi) T
(s2+1)(s2+4) st —at (s+1)(s2+4)

B 1 1 . 1

(vii) GING I (viii) G263 (ix) GrUE+1)

1
W Sera)

(i1) Find the Laplace tranform of the following
(i) u(t—2) (i) sint-u(t—4)

(i11) Find the inverse Laplace transforms of

) se 98 - —2s
(1) ) (i) - %

e’ ) se s
N P ) S sy WAL N PR D

(iv) Find the Lapalce transform of the square-wave function of period a defined as f(¢) =
1 for 0<t<a/2

—1 for a/2<t<a '

2t
(v) Find the Laplace transform of the wave form f(z) = 3 0<rt<3.
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(vi) Find the Laplace transform of the periodic function f(¢) = €' for 0 <t < 27.
(vii) Find the Laplace transform of

coswt, for 0<t<m/w
f(t) =
0 for mw/w<t<2m/w

I ANSWERS
' e*bf e . 1
1. @) — =5 (ii) 4_1(1 —cos2t)
N . . 1
(iii) 3 [3sinz —sin3¢] (iv) 3 (cost —cos2t)
| i . 277 1 )
(V) %(smhat + sinat) (vi) s "3 (2cos2t —sin2t)
—t
(vii) "’6—4 [1—e 8 (1+80)] (vii) ¥ — &
. o, . 1 .
(ix) 5 [e”" +sint — cost] (x)  —(at—sinat)
a
@ (452 + 45 +2) a (cos4 -+ ssin4)
' BT s2+1 s
3. (i) coshw(t—a) u(t—a) G) S u(r—2)
i) [e2D — e Nu(t —1) (iv)  cosh(r—2)-u(t—2)
W) %e_(t_l)(t D2 —1)
1 as
2% 2
5 —s(1—e™3) T30
. =T _q
(1 —s)(1 —e27)
7 S

(52 +w2)(1 —ems/w)

DIFFERENTIATION AND INTEGRATION OF
TRANSFORMS
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Theorem 8.1 (Differentiation of Transforms/Multiplication by ")

If Z[f(t)] = F(s), then Z[t"f(1)] = (—1)"%[F(s)] wheren=1,2,3,....
Proof. Given
F(s) = Z11(0) = [ e f(nyar (M
Differentiating (1) w.r.t ‘s’, we get
SIFOl= 5| [Teral
= [ el
:/w—te“-f(t)dt
—— [ e pw)ar
=—Ztf ()]
o ZIf)] = (1) SIFGs) @
2
Similarly, — Z[2f(1)] = (—1)2%[1%)]
3
LI F0)] = (-1 5 [F )
In general, Z"f(r)] = (—1)”;—;[F(s)]. |

Problem 8.1

Find the Laplace transform of the following
(1) tecost
(i) £2sinwr
(iii) ¢sinhat
(iv) 1%’ -sindt

(v) te* cos5t

(vi) £sin®3t
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Solution. (i) We have

ZLcost] = szj—l
.i”[tcost]:(—l)% szj—l)
52 1—s-2s —
:(_1)[( +12)1 25 _ 1

(s> +1)? (s> +1)?
By shifting property, we get

Lle "tcost] = { L[tcost] Fs 51

s+ —1 $242s
s+ 1D241)2 T (s2 425 +2)2

ii) We have Z[sinwt] = ——
(ii) We have Z[sinwt] T

) d? w
ZL*sinwr] = (—1)2@ L2+w2}

_dfdi w
Cds | ds|s2+w?

B d —2ws
- 3{ <s2+w2>2}
_ _2W{ (s +w?)? x 1 —5x2(s?> +w?) x 25}
(s2+w?)4
— _2W{M
(s2+w?)3
6wsZ —2w?
(s2+w?)3

(iii) we have .Z[sinhar] =

2 2

Sc—a

. d a 2as
ZLltsinhat] = (—1)5 Lz —az} T (2—a):
4

i have .Z[sin4t] =
(iv) we have Z[sin41] EERT:

a2 4
2 RV
ZL[t”sindt] = (—1) 052 [s2+16]

—4><i i !
T ds|ds\ s2+16

:4xi[—_28}

ds | (s2+16)2

B _8{(s2+ 16)%1 — s x 2(s> + 16) x 2s
(s2+16)*

 24s*—128
~ (s2+16)3
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By shifting property, we get

ZLe’ -1*sindt] = { L[> sin4t] Vo
 24(s—1)*—128
 ((s—1)2+16)3
245 —485—104
T (s2—25+17)3

s
h =
(v) we have .Z[cos5¢] 7125
SO ZLltcos5t] = (— 1);{ —iZS}
(s +25 —sx2s]  s*—25
52 +25)2  (s2425)2

By shifting property, we get

ZLe¥tcos5t] = { Lt cos5t] Vo2
_ (s—2)?-25
~ ((s—2)2+25)2
s —4s—21
 (s2—45+29)2

1 —cos6t

(vi) we have sin®3t = 5

So

Ltsin®3t] = (—l)dis{% (% - szj_36> }

_ _% {_slz B [(SZ 42326113;)? 2s] }

—L+1>< 36—s
252 27 [(s24-36)2
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Proof. Given F(s) = Z[f(t)] = [, e ¥ f(¢)dr. Integrating both sides w.r.t. s between s and oo.

h\g
!
—~
NP
o,
0
Il
0\8
—
0\8
(¢]
2
\
=
o
P
o,
g

Hence the result [ |

I EXAMPLE 8

Find the Laplace transform of the following.
1 —et e _ e bt
. (11) —

@

... sint . _ cosat —cosbt
(ii1) e @iv) —

I —cost
O
Solution
(i) We have Z[1 /| = 2(1) — Z(e/) = - — ! 1
S s —

_ (__ l)ds:{logs—log(s—l)};o
’ —

(), = (),
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(ii)) we have L[e % —e

(iii) we have .Z[sint] =

44

1 1
s+a s+b

—at __ —bt .
L{!] [ e

t
) 1 1
:/ < — )ds
s \s+a s+b

fbt] —

= {log(s+a) —log(s+b)};

(o)

s+a
=1
Og(s—l—b) s
l+a/s\™
=<log——
{°g1+b/s}s

1+a/s
zlogl—log(l+bfs)

:O—log(s+a

s+b

1o s+b
-8 s+a

s2+1
T
L[—sm } - / P(sint)ds
t S
=
— d
/s 2410
1

T
= tanil(s)|:° = E —tan s

T ¢ 1
=——tan °§
2

= cotfl(s) —=tan" ' (1/s)
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A N
s2+a?  s2+b?

1 — bt
L[M}

(iv) we have Z[cosat —cosbht| =

p = / Z|cosat —cosbt|ds

/ > ds
§2 +a2 T 24p2

)

1
g(s*+a*) — > log(s* + bz)}

l1 g(s +a )
2 2+ b2
1

"2

N

1+a?/s?|”
g1~l—l92/s2

3 [roe1—t0g (15 ]

{ oo

s% + b?
s2+a?

Nl" [\)|._ l\)l

(v) we have Z[1 —cost] = o 1

{I_COSI} / L[1— cost]ds
/{ s2+1}d

{logs— —log(s* + 1)}

1
= —[logs* —log(s* +1)]

1 1 52 0
==|lo
2%\ 211 S

_110 1 o] 0—1lo !
—2% 1+1/s2)|, 2 & 1+1/s2
2
lo

[}

N
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Again

Integrating by parts

1 . 52 * /w 1
= —_—— 0 —_— —_ —_
2B\ ), T 8

[(s%+1)25 — 5% -2s] y sds}

I EXERCISE

46

(s +1)2

Find the Laplace transform of the following

(1) coshatsinat

(3) 13X

(35) 2><e“coszét
(7) cosh3tcos2t

(9) e 'cos?tsin3t

(2) e'cos’t

(4) e '(2cos5t —3sin5t)
(6) e*sin2tcost

(8) e !(sin2t —2tcos2t)
(10) t2e=*
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. 2
sin“t
11
(11) ;
(13) t2e % cost

(15) e —cosht

(16)

I ANSWERS

a(s® +2a?)
s*+4at
6
3) -
3) (s—2)%
1
(s+1)(s2+25+2)
2s5(s* =5
0 2=
s*—10s=+ 169

ey

&)

cos2t — cos 3t

47

sinh?

t .
e 'sint

t

(12)

(14)

(17) 23 sin 2t

1 s+1
2s+2+2s2+4s+10

2s—13
§2425+26

2)

“)

1 3 1
© 2 {(s—4)2+9+ (s—4)2—|—1}
16

® @iarse

1 6
€)) Z[(

2
R

1 s—1
12) =1
( )2 Og(s—l—l)

(14) cot™!(s+1)

1 s> +9
16) ~log [ >~
(16) 7 log (s2+4)

i
ST1219 (5112425 (s+1)2+1}

1 s2+4
(ll)zlog( 2 )
2(s + 10s% 4+ 255+ 22)
(s> +4s+5)3

1 2_b2
(15) = log (S )
2 s—a

2(s® + 65 +9s+2
(s> +4s+5)3

(13)

17

INVERSE LAPLACE TRANSFORMS

If Z[f(1)] = F(s), then £~ '[F (s)]

f(t), where L1 is called the inverse Laplace trans-

form operator. From the application point of view, the inverse Laplace transform is very useful.

Important formulae

(1 £ 1} =1
LS
(1 M1
2) £ —| =
@ _S”} (n—1)!
G 2| }:em
s—a
Jeeja 4. V. Jeejamath@gmail.com



!
“4) 2! =
s+a
5) 2! [ 1 ] sinat
s2+a?| a
6) £ % = cosat
s2+a
1 ] sinhat
7 £ =
@ | 52 —a? | a
®) £ | 52— | = coshar
s2—a

(9) Shifting property:
L F(s—a)] =2 [F(s)]

(10) Multiplication by ¢
d
=27 {3 200

(11) Division by ¢
10—z [ uiropes)

I EXAMPLE 9

Find the inverse transform of the follwing

. s24+25+5
0 ——
(iid) 4s+5
(s+1)2(s—2)
2
W B
s2+4s+13
2
(vi) s +6
(s2+1)(s? +4)
. S
() st+s2+1
1
(xi) log ( + S)
)

48

. 252 —6s5+5
(i1) 3 3
7 —06s5sc+11s—6
) 25+5
@) s24+4s—5
i) S5s+3
(s—1)(s2+2s+5)
N
Vi)

1
) log(jfl)

cot_l <£>
2

(xii)
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Solution
OA@+2&+5_32+2y+5__1+2_%5
! 53 I R R R VA
24 25+5 1 1 1
S S K s
)
= 1+2><ﬁ+5><i
g—l(tn) tnfl
(n—1)!
5 2
= 14+2t+—t
+ —1—2
. 252 —6s+5 252 —6s+5
(i1) Let =
$3—652+11ls—6  (s—1)(s—2)(s—3)
A B C

_s—1+s—2+s—3
Then (by resolving into partial fraction)

2:12-6-1+5
Puttings=1, A = =1/2
utting s , 1=2)(1-3) /
2.22-6-2+5
u 1ngs s (2_1)(2_3)
2.32-6-3+5
Putting s = 3 = =5/2.
utting s =3, ¢ G-13-2) /
252 —6s+5  1/2 -1 N 5/2

'.'s3—6s2—i—11s—6 s —1 s—2 s—3
o 252 —65+5 } _ lg—l{ 1 }_3_1{ 1 }

$3—6s24+11s—6 2 s—1 s—2
5 1
~ gl
+2 L‘—3]
1 5
— Eet_62l+§e3t

4s+5 A B C
(s+1)2(s—2) s+1 (s+1)2 s5—
Multiplying both sides by (s +1)%(s —2),

(iii) Let

2

4s+5=A(s+1)(s—2)+B(s—2)+c(s+1)*
Puts=2, 13=9C=C=13/9

1
Equating the coefficients of s2,

0=A+C=A=—-C=—13/9.

Jeeja 4. V. Jeejamath@gmail.com



50

_ 4s+5 _ —13/9 -1/3 13/9
s+ 1)2(s—2) s +1 (s+1)2  (s—2)
|

 [erema) =5 [l 5 e

13 1
—z!
+9 |:S—2}
13 1 13
=—ge g T g
(iv) Let 2s+5 2s+5 A L B
iv) Le = =
s2+4s—5 (s—1)(s+5) s—1 s+5
Then
2-145
A = =7/6
145 /
2-(=5)+5 -5
B = ———=—=5/6
(=5-1) —6 /
2s+5 7/6 5/6

"'sz+4s—5 s—1 s4+5

L 2545 7 171 5 ,[1
. 1|_ =~ — 1 > 1
Le. .2 {s2—|—4s—5} 6~ L—J it L+5}

7 5
= get + geist
25+5

VT where the denominator is not factorizable
s +4s+13

(v) Let F(s) =

Fs) = 25+5 _2(s+2)+1
T (s+2)2—4+13  (s+2)2+9
o 2(s+2) N 1
C(s4+2)249  (s+2)2+9
+

27 Fs) =227 {(HSJ%} o {m}

A2t o1 s —2t co—1 1
% <52+32)+e o Lmz}

(27 Fs+a)] =27 [F(5))
_;SIn3t
3

=2e % cos3t+e

i) Lot 55+3 _ A, Bs+C
(s—1)(s2+2s+5) s—1 5242545

Multiplying both sides by (s — 1)(s* +2s+5),

55+3=A(s*+25+5)+ (Bs+C)(s— 1)
Puts—1, 8—Ax8=A=1

Puts =0, 3=5A-C=C=5A-3=5-3=2
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Equating the coefficients of s2,

51

0 = A+B=B=—-A=—1
' S5s+3 1 n —s+2
C(s—1D(s2+25+5) s—1 s24+25+5
5543 1] [ —s+2
g—l . g—l g—l
(s—l)(s2+2s—|—5)} _s—l_+ |2 +25+5
1l ] —(s+1)+3
- @ 1 % 1
_S—1_+ _(s—i—l)z—l—i—S}
[ 1 [ —(G+1)
= ! -l
o) _(s—|—1)2+22]
37!
! [<s+1)2+22]
N e 7| § —t cp—1 1
e ls2+—22}+3€ < (W)
(L F(s+a)=e" 2L F(s)])
in2t
= et—e_t0052t+3e_t-SH;
2
. 5746
Let F(s) = .
Vi) Let F () = a1 a)
Since F () involves only even powers of s, we put s> = u
u+6 A B
F — =
O = D d —utrl uia
where
—1+6 —4+6 2
114 3 " —4+1 -3
5/3 -2/3 5 1 2 1
F(s) = / / == 5=
u+1 u+4 3 $2+1 3 s2+4
5 1 2 1
gle — _Dgfl _ “ -1
Fe)l =3 L%J 3 244
5 sint 2 sin2t
3 1 3 2
5s'nt sin2t
= =—sint——si
3
(viii) Since s* +4a* = (s?)? + (24°)?
= (s*4+24%)%—25%-24°
(-A%+B*> = (A+B)>—2AB)
= (s 424%)* - (2as)*
= (s> 42a* +2as)(s* +2a* — 2as)
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Let
s s

st+dat (2 +2as+2a%) (s —2as + 24?)

B As+B Cs+D
s2+2as+2a? +s2—2as—|—2az

~ —1/4a 1/4a
24 2as+ 242 + s2 —2as+2a?
1 1 1

_@X(s+a)2—a2+2a2+@

1
(s—a)?—a®>+2a?
—LX;—FLX;
da (s+a)+a® 4a (s—a)?+a®

S D B S N
Z [s4+4a4}_ da ¢ <z (s2+a2)+4a

1
% atg—]
© (s2+a2)

1 . sinat 1 sinat
e et

4a a 4a a
sinat , ,,  _,. Sinat .
= e’ —e — ——— X sinhat
4a? ( ) 2a?

(ix) Since s* +s2+1=s*+252+1—s2

— (S2—|—1)2—S2

= (sz+1—|—s)(s2+l—s)

Let
s s As+B Cs+D

Frs2+1  (Lts+)(s2—s+1) s2+s+1 +s2—s+1
Multiplying both sides by s* +s? + 1,

s=(As+B)(s*—s+ 1)+ (Cs+D) (s> +5+1)

Equating the coefficients of s>,

O0=A+C

Equating the coefficients of s2,
O=B—-A+C+D

Equating the coefficients of s,

1=A—-B+C+D

ey

2)

3)
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Equating the coefficient terms,

O=B+D @)

By (4), B+ D = O substituting in (2),
(2) becomes

O=-A+C=A=C

Then (1) becomes,

O0=A+A=2A=0=A=0

and hence
From (3),

and by (4),
O=D+8B

Adding
1

s -1/2 1/2
st4s2 41 :sz+s—|—1 +52—s+1
—1/2 1/2
(s+l)2/—l+1 ' (s—l)z/——+1
—21/2 * 1/2
(41942 +(s—l)2+—
2 4

~1 o __l —1/2 cp—1
Zz [s4+s2+1]_ 2 "¢ Zz

1 1
4 t/2$71 < )
2" 2+ (V3/2)2
_ 1e,t/2sin\/§r/2 +1 el sin+/3t /2
2 Vv3/2 2 V3/2

2 \/§ el/2 _a—t/2
—% Sll’th T

) 3 ..t
———sin—tsinh —

V32 2
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(x) Let Z[f(t)] = F(s) = log <ii_ i) =log(s+1)—log(s—1)
Then
Lhf0) = — 3 2[f0)]

= —%[log(s+1)—log(s— 1)]
B 1 1
- [s+1 _s—l}
o I
T os—1 s+l

tf(t) = £ Lil_s—{l—l]:et_e_t

f([) _ e —te—l or 271 |:10g (iji)‘| _ et—te_t

(xi) Let Z[f(t)] = F(s) =log (%) =log(s+1) —logs

Then
- ()

But Z[tf(t)]=— %f[f(f)]

- %[log(s+ 1) —log(s)

B 1 1
o
1 1
_E_s+1
1! 1 —t
1—e?!

(xii) Let Z[f(t)] = F(s) = cotfl(s/2)
Then
f(t) =2 Meot™! (s/2)]
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I EXERCISE 4.3

Find the inverse transform of the following

(1)
(i)
(v)
(vii)
(ix)
(x1)
(xiii)
(xv)
(xvii)
(xix)
(xxi)

(xxiii)

I ANSWERS

L)) = - 20
= oot (s/2)
[ 2] 2
o 52+22 o S2+22
2f(t) = 27! Lz—i—Zz} = sin2¢
sin 2t
L ft) =
2 1)2
3(s2—1) i s+1
283 s24+s4+1
252 —4 i) 252 —1
(s+1)(s2—355+6) (s2+1)(s2+4)
215 — 3
s—33 i vi) 4s i
(s+1)(s—2) st —a
s+8 25+1
2+ 45+ 5 Vi) o2
1 3s—8
log <1 * s_2> R B PR 0
s+1 (xii) s—4
(s2+2s+2)2 4(s—3)2+16
1 1
_ (xiv) tan~!( -
2(s—1)2+32 s
2 _
log <S 21> (xvi)  cot™'(1+s)
A
1 52+ b? 1
I
2Og((s—a)2> (Vi) T @ 25 +2)
S s+3
(2 —1)? &%) iest 132
2
s°+s (xxii)  log s+a
(s2+1)(s2+25+2) s+b
1152 — 2545

253 — 352 —3s5+2
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3 3, t

—_ _t _
N N T

7 1 4
(iii) e¥ — ge_t geZ’

3
(v) 2e 1 —2e¥ + 6re? + Etze”

(vii) e %(cost + 6sint)
2(1 — t
(%) (1 —cost)
t
(xi)  ate'sing
X1 —I€ " SIn
2
2
(xii) = sin4s
8
2
(xv) ;(1 — cosht)
4 —cosht
(xvii) —
t
(xix) lt inh¢
X1X —7S1n
2

56

(i1)
(iv)
(vi)
(viii)
(x)
(xii)
(xiv)
(xvi)
(xviii)

(xx)

1 3
(xxi) —=(1+4+e")sint + g(l —e ") cost

5
—bt —at
.. —¢
(xxi1) ;

I REFERENCES

(xxiii)

1
1 —=t 3 3
%e 2 (\/Ecos\/?_t—i—sin%t)
3
= sin2s — sint
2sm sin
coshat + cosat

2
72t>

t(ef—e
3

1
e (3cos4t — 5 sin4t)

3

1 t 1 3
— 2t — — 4
€ COoS 86

sin2¢

sint

o

e 'sint
t

e '(1 —cost)

3e tsint

2e~! 5e% — %et/z
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